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Abstract — Hermite-like manifolds, which admit two different, almost complex structures,

. can be considered a general concept of Hermitian manifolds. Factoring in the effects of these
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1. Introduction

Firstly, the concept of Hermite-like manifolds was given by Takano [1,2]. A different feature of these
manifolds that differs from Hermitian manifolds is that even the simplest examples are not found in
Euclidean spaces but are found in non-Euclidean spaces. A pseudo-Riemannian manifold (ﬁ[ , h) with

two different almost complex structures J and J* providing

MJZy1, Z3) = —W(Z1, J* Z3) (1)
for any Z1, Zo, € I‘(Tﬁ ) is entitled a Hermite-like manifold. For any Hermite-like manifold, we possess

W21, J* Zy) = h( 21, Za) (2)
If we indite J = J* in Equations 1 and 2, then a Hermite-like manifold becomes an almost Hermitian
manifold.

Various authors have investigated non-degenerate submanifolds of Hermite-like manifolds [3-5]. More-
over, the authors have researched Riemannian submersions admitting Hermite-like manifolds [6-11].
However, no studies on degenerate submanifolds of Hermite-like manifolds have been published thus

far.

In addition to the above facts, lightlike geometry has interesting results thanks to the different ge-

'omeraksu@harran.edu.tr; >mehmetgulbahar@harran.edu.tr (Corresponding Author)
L2Department of Mathematics, Faculty of Arts and Sciences, Harran University, Sanliurfa, Tiirkiye


https://dergipark.org.tr/en/pub/jnt
https://orcid.org/0009-0003-6473-5145
https://orcid.org/0000-0001-6950-7633
https://doi.org/10.53570/jnt.1381549

Journal of New Theory 45 (2023) 83-94 / Screen Semi-Invariant Lightlike Hypersurfaces on Hermite-Like Manifolds 84

ometric properties of radical, screen, and transversal distributions. Considering the effects of J and
J* on the radical, screen, and transversal spaces, new classifications of lightlike hypersurfaces can
be identified. With this perspective, we familiarize the impression of screen semi-invariant lightlike
hypersurfaces of Hermite-like manifolds and Hermite-like statistical manifolds in this paper.

Section 2 of the handled study presents some basic notions to be used in the following sections. Section
3 provides lightlike hypersurfaces of Hermite-like manifolds. Section 4 analyzes screen semi-invariant
lightlike hypersurfaces of Kaehler-like statistical manifolds (H, h, J, D).

2. Preliminaries

This section provides some basic properties to be needed in the following sections. For any lightlike
hypersurface (H, h) of a pseudo-Riemannian manifold, we invite the radical space at each point p € H
by

Rad T,H = {¢ € T,H : hy(£,Z) = 0,YZ € T,H}

Here, h is the induced degenerate metric from h. The complementary non-degenerate vector bundle
of Rad T,H is indicated by S(T'H) and we indite

TH = Rad TH @45, S(TH)
There exists a lightlike transversal bundle ltr TH = span{N} such that we possess
h(Z,N)=h(N,N) =0, h(¢&,N) =1 (3)
for any Z € T'(S(TH)). Therefore, the tangent bundle TH of H is decomposed as follows:

TH =TH & ltr TH = {TH" & ltr(TH) } @y S(TH) (4)
where & indicates the direct sum, not orthogonal. Let D° be the Riemannian connection of (ﬁ ,E)
The Gauss and Weingarten formulas for (H, h) are represented by
DY, Zy = DY Zy+ B°(Zy, Zs)N -
DY N = —A% 2, +7°(Z))N

for any Z1, 7o € T'(TH). Here, D° is the induced connection, B° is the second fundamental form,
A?\/ is the shape operator, and 7° is a 1—form on I'(TH). We note that DY is not a Riemannian
connection [12].

If BY = 0, then a lightlike hypersurface (H,h,S(TH)) is called totally geodesic. If there exists a
function A on H satisfying

BY(Z1, Z) = A(Zy, Z3)
then (H,h,S(TH)) is entitled totally umbilical [13].
Let (ﬁ[ N, ZND) be a statistical manifold. Then,
Z3h(Z1, Z2) = WDz, Z1, Zo) + h(Z1, DYy, Zo) (6)
and
DY, Zy = %(521 Zy + DY, Z) (7)

The connection D* is entitled the dual of D [14]. Indicate the Riemannian curvature tensors with
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regard to connections D and D* by R and R*, respectively. In this regard,

WMR*(Z1,Z2)Z3, Zy) = —h(Zs, R(Z1, Z2) Z4) (8)
for any Z1, 25,723,724 € F(Tﬁ ) [15]. Equation 8 implies that R and R* are not symmetric.

Let (H,h,S(TH)) be a lightlike hypersurface of (ﬁ I, l~7) The Gauss and Weingarten type formulas
with regard to (D, D*) are formulated by

Dy, Zy = Dy, Zy + B(Zy, Z3)N (9)
Dy N = —ANZ1 4+ 7°(Z1)N (10)
and
DY Zo = DY Zo + B*(Z1, Za)N (11)
DY N = —AnZi + 7(Z1)N (12)

where Dy, Zs, D}l Zo, AnZy, and Ay Z; are included in I'(T'H) and D and D* are the induced

connections on H.
Suppose that P is the projection mapping from I'(T'H) onto I'(S(T'H)). In this regard,
Dy, PZy = Dy PZy+ C(Zy, PZy)E (13)
and
Dy,& = —AcZy —7(Z1)¢ (14)
where Dz, PZ; and gng are included in I'(S(T'H)). Then,
B(Z1, Z5) = WDz, 22,€), 7(Z1) = (Dz, N, €) (15)
and

B*(Z1,Z5) = h(DY, Z5,€), 7(Z1) = (D}, N,¢) (16)

Similarly, in view of Equations 13 and 14, we indite
DY PZy = Dy PZy+C*(Z1,PZ)¢ (17)
and
nE = —;1221 —7(21)¢ (18)

where EEIPZZ and /Tng are included in I'(S(T'H)) [16]. Using Equations 11-18, the following relations
are provided:

B(Zy, 22) = MA{ 2y, Z2) + B*(Z1,€)h(Za, N) (19)
and
B*(Z1, Z9) = WM(AcZ1, Z9) + B(Z1,€)h(Z2, N) (20)
In view of Equations 19 and 20,
B(Z1,€) + B*(Z1,€) =0, h(ANZy+ ANZ1,Z2) =0, and  C(Zy,PZy) = h(ANZ1,PZy) (21)
As a result of Equation 21, we obtain that B and B* do not vanish on the radical space [17,18].

A lightlike hypersurface of a statistical manifold is entitled
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1. totally geodesic with regard to Dif B=0,
ii. totally geodesic with regard to D* if B* =0,

iii. totally tangential umbilical about D if there exists a smooth function k such that B(Zy,Z3) =
kh(Zy,Z3),

and

. totally tangential umbilical with respect to D* if there exists a smooth function k* such that
B*(Z1,7Z3) = k*h(Z1, Za) [17].

3. Lightlike Hypersurfaces of Hermite-like Manifolds

This section presents lightlike hypersurfaces of Hermite-like manifolds.

Definition 3.1. [2] A Hermite-like manifold is called a Hermite-like statistical manifold if there is a
linear connection D providing Equations 6 and 7. A Hermite-like statistical manifold is specified by
(H,h,J,D).

Definition 3.2. [2] A Hermite-like statistical manifold (ﬁ[ , E, J, lND) is entitled a Kaehler-like statistical
manifold if D.J = 0. For each Kaehler-like statistical manifold (f[ h, J, ZND), D*J* = 0.

We define semi-invariant lightlike hypersurfaces inspiring [19-24] as follows:

Definition 3.3. A lightlike hypersurface (H, h, S(T'H)) is called screen semi-invariant if J(Rad TH)
and J(ltr TH) are included in S(TH).

In view of Equation 1, if (H, h, S(TH)) is a screen semi-invariant lightlike hypersurface, then J*(Rad T H)
and J*(Itr TH) are included in S(TH).

Example 3.4. Let (ﬁ , E) be a 6—dimensional pseudo-Riemannian manifold with a pseudo-Riemannian
metric h provided by

[—1 0 0 0 0 0]
0 -1 0 0 0 O
P 0O 0 1 000
0O 0 0100
0O 0 00 10
. 0O 0 0 0 0 1|
Define almost complex structures
[0 -1 0 0 0 0 ]
1 0 0 0 0 O
g 0 0 0 -1 0 O
0O 0 1 0 0 O
0 0 0 0 0 —1
L0 0 0 0 1 0 |
and ) )
0o 1.0 0 0 O
-1 0 0 0O 0 O
g 0 0 0 1 0 O
0 0 -10 0 O
0 0 0 0 0 1
L 0 0 0 0 -1 0 |




Journal of New Theory 45 (2023) 83-94 / Screen Semi-Invariant Lightlike Hypersurfaces on Hermite-Like Manifolds 87

Then, Equation 1 is satisfied. Therefore, (ﬁ h,J ) is an example of Hermite-like manifold.

_ 8
Let {01,02,03,04,05,06} be the standard frame field on I'(T'H)). Denote V5,0, = > I‘fjak and
k=1

~ 8 ~ .
V5,05 = kgl F;fak, fori,j € {1,...,8}. From Equation 6, I’fj h(0k, Ok)+T7 h(8;,0;) = 0. Considering

this fact, 631 01 = 01, 631 Oy = 0o, 631 01 = —01, and %31 Oy = —0y and the other terms of V and V*
vanish. Then, (fI hyJ ) becomes a Kaehler-like statistical manifold.

Regard as a hypersurface of (E[ h,J ) described by

H = {(Zi)ie{1,2,3,4,5,6} 21 = 23}

In this case, the induced metric A becomes

[0 0 00 0]
0 -1 00 0
h=|0 0 1 0 0
0 0 010
(0 0 00 1

By a straightforward computation,

Rad TH = span{¢ = 0, + 03}
ltr TH = span {N = —%(81 + 53)}

and
S(TH) =span{e; = 01,ea = 04,e3 = 05,e4 = O}

Therefore,
JE=ey+eq, JN= %(62 +ey), JE€=—(e2+e4), and JN= %(62 —eyq)
which indicate that (H,h, S(T'H)) is screen semi-invariant.
Let (H,h,S(TH)) be a screen semi-invariant lightlike hypersurface of (H, &, J). In this regard,
JN=qa, JSJN=a, J¢=p, and J¢=p" (22)
where «, a*, #, and §* are included in I'(S(T'H)). For each Z € I'(TH),
JZ =9pZ +w*(2)§+n"(Z)N (23)
and
JZ = Z +w(2)E+n(Z)N (24)

where ¢ and ¢* are projections from I'(T'H) onto I'(S(TH)) and w, w*, n, and n* are 1—forms
described by

w(Z) =h(Z,«), w(Z)=h(Za")
and

(%) =n(Z,8), n"(Z) =nZ,pB")
for all Z e T'(TH).

Proposition 3.5. Let (H,h,S(TH)) be a screen semi-invariant lightlike hypersurface of (f[ hyJ ).
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Then, the following equations hold:

P ($Z) =0 and 7(*Z) =0
for all Z € T'(TH). In particular,

w*(YZ) =0 and w(®*Z)=0
for all Z € T(S(TH)).

PRrROOF.
Using Equations 22-24,
~Z =02 = J(WZ) +w(Z2)JE+n*(Z)JN

and
~Z =P Z + w2+ (WZ)N +w*(Z)B+n*(2)a

Investigating the tangential and transversal sides of Equation 25, n*(¢Z) = 0.

88

(25)

If Z is included in T'(S(TH)), then w*(x)Z) = 0. Applying (J*)? = —I,,42 and a similar technique as

in the proof of Equation 25,

~Z =W Z +w* 2)E + n(W* Z)N + w(Z)B* +n(Z)a*

(26)

which indicates n(¢*Z) =0, for all Z € I'(TH). If Z € I'(S(T'H)), then w(¢*Z) = 0 from Equation

26. O

Using Equations 25 and 26, the following results are obtained.

Proposition 3.6. For any screen semi-invariant lightlike hypersurface (M, g, S(TH)) of (I:j, h, J), the

following relations occur, for all Z € I'(T'H),
27 = —PZ —w*(Z)8 — 7" (Z)a
W*)?Z = —PZ —w(Z2)B* —n(Z)a*
and

w(YZ) = w(y*2)

Proposition 3.7. For any screen semi-invariant lightlike hypersurface (M, g, S(T'H)), the following

relations occur, for all 71, Zy € I'(TH),
W Zy, Zs) + 1" (Za)h(Za, N) = h(Z1,4* Za) + n(Z2) (21, N)
and
W21, 0% Z2) = —h(Z1, Za) = w*(Z1)n(Za) — 0" (Z1)w(Ze)
In particular, the relation
h(Z1, Z2) = h(Z1,4" Z2)
is valid, for all Z, Zy € T'(S(TH)).

The proof is obvious by utilizing Equations 23 and 24 in Equation 1.
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4.Screen Semi-Invariant Lightlike Hypersurface of Kaehler-like Statistical
Manifolds

This section analyzes screen semi-invariant lightlike hypersurfaces of Kaehler-like statistical manifolds
(H,h,J,D).

Proposition 4.1. Let (H,h, S(TH)) be a screen semi-invariant lightlike hypersurface of (H, h, J, D).
Then, the following relations occur, for all Z € T'(TH),

Dyo—n*(Dza)a = pAnZ (27)
and
n"(Dza) = —17(2) (28)

Proor.
Considering (fI hyJ ) is a Kaehler-like statistical manifold,

—DyN =DyJa = JDza (29)
Using Equations 10 and 29,
JDgo = ANZ — 7(Z)N (30)
From Equation 9 in Equation 30,
YDza 4+ w*(Dza) +n*(Dza)N + B(Z,a)ae = ANZ — 7(Z)N (31)

Because Yo = 0 and investigating the tangential and transversal sides of Equation 31, Equation 28 is

obtained and
VvDza+ w*(Dza)é + B(Z,a)a = ANZ (32)
From Equation 32,
V2 Dgza + w*(Dza)pé = YANZ (33)
Using Equations 22, 25, and 33, Equation 27 is obtained. []

Definition 4.2. Let (f[ ) ?L) be pseudo-Riemannian manifold and D™ indicate a linear connection on

(f] , 7L) A vector field v on H is entitled torse-forming with regard to DT if the following circumstance

is provided, for each Z € I'(H),
ﬁgv =7+ (Z)v
where ¢ is a linear form and ~ is a function [25]. A torse-forming vector field is entitled
i. torqued if p(v) =0,
i1. concircular if ¢ =0,
i75. concurrent if y =1 and ¢ = 0,
and
iv. reccurrent if v = 0.
In view of Proposition 4.1 and Definition 4.2, the following are obtained.

Corollary 4.3. If (H,h,S(TH)) is totally geodesic with regard to D, then there is no less than one
vector field lying on I'(S(T'H)), reccurrent with regard to D.
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Corollary 4.4. If « is a torse-forming vector field with regard to D, then (H,h,S(TH)) can not be
totally geodesic with regard to D.

PROOF.

Assume that « is torse-forming with regard to D. If we indite Equation 5 in Equation 27, then
PANZ = apZ (34)

for each vector field Z, orthogonal to o and 5. From Equation 34, if H is totally geodesic with regard
to D, then ¢»Z = 0. This contradicts the fact that (H, h, S(T'H)) is screen semi-invariant. [J

Corollary 4.5. If « is parallel with regard to D (or l~)), then the shape operator takes the following
format:

ANZ = w* (ANZ)B + 0" (ANZ)a

Corollary 4.6. There does not exist any totally umbilical semi-invariant lightlike hypersurface of
(H,h,J,D) admitting a parallel vector field JN = a with regard to D (or D).
Contemplate the following distributions:

Dy = span{B,5*} and Dy = span {«a, a*}
Hence, there exists a (n — 4)—dimensional pseudo-Riemannian distribution D in S(T'H) such that

S(TH) =D @opep {D1 @ Do}

Therefore, from Equations 3 and 4,

TH =D @opi {D1 © D2} Gopin Rad(TH)

and
TH =D @®orp {D1 & Do} Goren {Rad TH & ltr TH}

From the above verities, I is invariant with respect to J and J*. Suppose that
D = D Gopen Rad TH ®oper, J(Rad TH) @, J*(Rad TH)

Hence, D is invariant with respect to J and J*.

Theorem 4.7. Let (H,h,S(TH)) be a screen semi-invariant lightlike hypersurface of (H,h,J, D).
Then, the following assertions are equivalent:

i) D is integrable with regard to D.
i1) The equality
B(Z1,tZ3) = B(Za,t71)
is valid, for all Z;, Z, € T(DD).
iii) The equality
WAL Z1,t7s) — WAL Za,t Z1) = B(Z1,€)R(tZ2, N) — B(Z2,€)h(tZ1, N)

is valid, for all Z1, Zy € I'(D), where tZ; = ¥ Z; + w*(Z1)§.

Proor.
Since (f[ h J, ZND) is a Kaehler-like statistical manifold, it is obvious that

Dy, JZy = JDy, Zy (35)
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for all Z1, Zy € I'(D). If Zs is perpendicular to a and o*, then
Dy, JZy = Dy, (1 Zs + w*(Zs)E) (36)
From Equations 9 and 36,
Dz, JZy = Dz, Zs + B(Z1,%Z2)N + Zy [w*(Z)| € + w*(Z2) Dz, & + w*(Z2) B(Z1,§)N  (37)
Combining Equations 9 and 23,
JDy, Zy = Dy, Zy + w*(Dy, Z2)¢ + n*(Dy, Z3)N + B(Z1, Zs)ox (38)
Taking into account of Equations 35, 37, and 38,

Dz, Zs + B(Z1,0Z2)N + Zy [w*(Zs)) € + w*(Z2) Dz, + w*(Z2) B(Z1,€)N =Dz, Zs + w*(Dz, Z2)€

(39)
—ﬁ-’IY*(DZ1 Zz)N + B(Zl, ZQ)(,M
Altering the position of Z; and Z5 in Equation 39,
Dz, Zy + B(Za, 0 Z1)N + Y [w*(Z1)] € + w*(Z1)D2,€ + w*(Z1)B(Z,€)N =YDz, Zy + w*(Dz,2,)€ (40)
+17*(DZ221)N + B(ZQ, Zl)Oé
If we subtract Equations 39 and 40 side to side,
N (Dz,Z2) — 0" (Dz,21) = B(Z1,vZ2) — B(Z2,¢Z1) +w*(Z2)B(Z1,§) — w*(Z1)B(Z2,§)
which shows
B(Z1,tZs) — B(Za,tZ1) = n*([Z1, Z2]) (41)

Taking into consideration of Equation 41, B(Zy,tZs) = B(Z2,tZ) is provided for all Z;, Zy € T'(D) if

and only if [Z7, Zs] € T'(D). Hence, (i) < (ii). From Equations 19 and 41, (i7) < (ii7).
O
From Theorem 4.7, the following results are obtained.

Corollary 4.8. If (H,h, S(TH)) is totally geodesic with regard to D, then D is integrable with regard
to D.

Corollary 4.9. If (H,h, S(TH)) is totally umbilical with regard to D, then D is not integrable with
regard to D.

An analogous to Theorem 4.7 is as follows:

Theorem 4.10. For any screen semi-invariant lightlike hypersurface (H,h,S(T'H)), the following
assertions are equivalent:

i) D is integrable with regard to D*.

i1) The equality
B*(Z1,t*Zy) = B*(Z2,t*Z1)

is valid, for all Z, Z, € T(DD).
iii) The equality
h(A¢Zy,t* Z5) — h(AfZo, t* 21) = B*(Zy,&)h(t* Za, N) — B*(Z,€)h(t* Z1, N)

is valid, for all Z1, Zy € I'(D), where t*Zy = ¢*Z; + w(Z1)E.

Theorem 4.11. (H,h, S(TH)) is mixed geodesic with regard to D if and only if A% Z is included in
Dy, for all Z € T(D).
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PROOF.
Assume that (H, h, S(TH)) is mixed geodesic with regard to D. In view of Equations 9 and 10,

Dya = Dza+ B(Z,a)N (42)
and
JDzN = —tANZ — " (AN Z)N + 7(2)ax (43)

for all Z € T(D). Since (H, h,J) is a Kaehler-like statistical manifold, we derive the following relation
using Equations 42 and 43:

0=B(Za) = —n"(AyZ) = —g(JANZ,€)
Hence, h(ANZ, *) = 0. With similar arguments,
Dyzo* = Dya* + B(Z,a*)N (44)
and
J*DyN = —h*ANZ — n(AYZ)N + 7(Z)a* (45)
From Equations 44 and 45,
0=B(Z,a") = —n(AyZ) = —g(J* AN Z,¢)

Hence, h(A%Z, ) = 0. Therefore, A% Z is included in Di- for all Z € I(D). The proof of converse is
clear. [

With a similar method of Theorem 4.11, the following result is obtained.
Theorem 4.12. (H,h, S(TH)) is mixed geodesic with regard to D* if and only if AyZ is included
in Df, for all Z € T'(D).

5. Conclusion

This study investigates the geometry of screen semi-invariant lightlike hypersurfaces, where almost
complex structures J and includes J* in the screen distribution. With this perspective, new types of
lightlike hypersurfaces can be introduced. For example, the cases where almost complex structures J
and J* are invariant or anti-invariant in the radical space or invariant and anti-invariant on the screen
space can be examined. Thus, the problem of the existence of new kinds of lightlike hypersurfaces for
almost Hermite-like manifolds and Kaehler-like statistical manifolds arises in the future.
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