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In this study, some lower and upper bounds were obtained for the energies of the power graphs of
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corresponding to this cyclic group.

finite cyclic groups by considering the adjacency matrix structure of the power graph of a finite cyclic
group. Then, some results are given using the relationship between the case where the order of a cyclic
group is the positive integer power of a prime number and the completeness of the power graph
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Devirli Gruplarin Power Graflarinin Enerijileri icin Bazi Sinirlar

Oz

Anahtar kelimeler
Devirli grup; Power
graf; Enerji; Sinir

Bu galismada, sonlu bir devirli grubun power grafinin komsuluk matrisi yapisi dikkate alinarak, sonlu
devirli gruplarin power graflarinin enerjileri igin bazi alt ve Ust sinirlar elde edilmistir. Daha sonra devirli
bir grubun mertebesinin bir asal sayinin pozitif tam sayi kuvveti olmasi durumu ile bu devirli gruba

karsilik gelen power grafin tamligi arasindaki iliski kullanilarak bazi sonuglar verilmistir.

1. Introduction and Preliminaries

Let G be a group. The undirected power graph
P(G) of G is an undirected graph whose vertices
are represented by the elements of G and whose
adjacency relation between any two vertices i and
j are given by

i~jei#ji=jMorj=im,

where m € Z*. The concept of power graph was
first defined by Kelarev and Quinn in 2000 as a
directed power graph of finite semigroups (Kelarev
and Quinn 2000). Later, the concept of directed
power graph for groups was defined, and various
studies were carried out for directed power graphs
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on semigroups and groups (Kelarev and Quinn
2000, Kelarev and Quinn 2002, Kelarev et al. 2004).
Chakrabarty et al., inspired by these studies,
introduced the concept of undirected power graph
to the mathematical literature with their study in
2009 (Chakrabarty et al. 2009). In addition, in this
study, they showed that for the power graph to be
a complete graph, the order of the group must be 1
or a positive integer power of a prime number.
Later, Cameron et al. shortened the concept of
undirected power graph and named it as power
graph and this name passed into the mathematics
literature and after that, studies for undirected
power graphs were published under the name of
power graph (Cameron 2010, Cameron and Ghosh
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2011, Chattopadhyay and Panigrahi
Chattopadhyay and Panigrahi 2015).

2014,

Another name that directs the study of power
graph
Chattopadhyay. In the study of Chattopadhyay et

in terms of spectral graph theory is
al. in 2018, the adjacency matrix concept was
redefined for power graphs and the bounds for the
largest eigenvalues of the adjacency matrices of
the power graphs were obtained (Chattopadhyay
et al. 2018).

The concept of energy, which has an important
place in spectral graph theory, was introduced to
the mathematical literature by Gutman in 1978
(Gutman 1978). According to Gutman's definition,
the energy of a graph is the sum of the absolute
values of the eigenvalues of the graph's adjacency
matrix. In the past decades, the energy of a graph
has received much interest and many different
versions have been conceived. The most popular
and most studied energy versions are the Laplacian
energy (Gutman and Zhou 2006), the signless
Laplacian energy (Abreu et al. 2010), the distance
energy (Gutman et al 2008) and the Randic energy
(Cavers et al. 2010). It is important to do boundary
studies for energy as it is not always easy to
calculate the energy of a graph. Therefore,
boundary studies for energy have attracted a lot of
attention and many studies have been carried out
in this field.

In this study, inspired by the concept of adjacency
matrix of the power graph on a cyclic group,
bounds for the energy of the power graph on a
finite cyclic group C,, of order n were obtained.
Throughout this study, the set of the identity and
generators of C,, is denoted as V; and the set of
other elements as V,. Also |[Vi|=1+¢n) =7
(say), where @(n) is Euler's ¢ function. Then the
adjacency matrix A of the power graph P(C,,) is of

the form
p <]t’x{’ — Loxe Jexn-0) )
"\ Jm-oxe  A(P (VZ))(n—{’)x(n—{’) '

where, I and | are the unit matrix and the all-ones

matrix, respectively. Also A(P(VZ)) is the

adjacency matrix of the power graph induced by
the vertex set V,. The adjacency matrix is a real
symmetric matrix and its eigenvalues denoted by

M=y =2y,

In addition, considering the energy concept, the
energies of the power graphs of finite cyclic groups
are defined as the sum of the absolute values of
the eigenvalues of the adjacency matrices, i.e.,

E =Yl
2. Sharp Bounds for The Energy of P(C,,)

In this section, some upper and lower bounds for
the energy of the power graph of C,, are obtained.
In addition, results are given for cases where the
power graphs of finite cyclic groups are complete
graphs, considering the order of the cyclic group.
The following lemma will help to obtain some
bounds for the energy of P(C,) using the trace of
the square of the adjacency matrix of P(C,,).

Lemma 2.1. Let P(C,) be the power graph of C,
withn = 3. Then

?:1 A4, =0
and
A =22n—L =1+ 2Y11cicjn 4.
Proof. From the definition of the trace, we have
?:1/11' = tT(A) = 0
We now consider the matrix A2.
?:1/112 =tr (Az)
=f{—-1D+tn—-O)+2(n—0) +
tr[A%(P(Vy)]

=42n—£—1) + +tr[A2(P(V))].

The ii-th entry of [A(P(VZ))]2 is Xj=ps1 afj. Thus

Jj#i
nL A =e2n—£—1) + tr[A2(P(Vy)]
=f@2n—€—1)+2¥,41<icj<n aizj-
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This completes the proof.

Lemma 2.2. Let P(C,) be the power graph of a
cyclic group C,,, whose order is a positive integer
power of a prime number and n = 3. Then

A =nn-1).

Proof. We know that if C,, is a cyclic group, whose
order is a positive integer power of a prime
number then P(C,) is a complete graph and
[Vi] =€ =n and |V,]| = 0. Using Lemma 2.1, we
have

L1 Af = tr(4%)
=4@2n—C—1)+2¥11<i<jsn aizj
=n2n—-n-1) =n(n-1).
Thus, the proof is completed.

Lemma 2.3. Let a,b,x,yERY and 0 <a<x <
y < b.Then

Xy > vab
x+y — a+b

(Oboudi 2019).

Theorem 2.1. Let E be the energy of the power
graph P(C,). Then

\/1«”(271 — =1+ 2% p1sicjen @l < E

and

E < \/n[{’(Zn =€ —=1)+2%11<i<jsn aizj] .

Proof. Using the Cauchy-Schwarz inequality and
Lemma 2.1, we have

E* = (RLluD? s n ¥, A7

=n[62n— €= 1) + 2T ps1ci<jen afj]- (1)
For the proof of the first inequality, we have

E? = (B, D? 2 X, A7

={@2n—€—1)+2%,41<i<j<n aizj- (2)

By using (1) and (2), the required result is obtained.

Corollary 2.1. Let P(C,,) be the power graph of a
cyclic group C,,, whose order is a positive integer
power of a prime number and n = 3. Then

Jann—1)<E<nvn-1.

Proof. Since C,, is a cyclic group, whose order is a
positive integer power of a prime number, P(C,,) is
a complete graph. Using Theorem 2.1 and Lemma

2.2, we have

B? = (S 14D

<nYr, A2 =n?(n-1),

and then

E<n/n-1.

For the proof of the first inequality, we have
E? = (TLql40)?

>yt A =n(n-1),

i.e.,

E >.n(n-1).

Thus, the proof is complete.

Theorem 2.2. Let P(C,,) be the power graph of C,
with n > 3 and A, is largest eigenvalue of P(C,).
Then

E<li+{J(n—-1)(s—13),
wheres = £(2n — € — 1) + 2 ¥y 11<icjen 4

Proof. Using Lemma 2.1 and the Cauchy-Schwarz
inequality, we have

(E - /11)2 = (2?=2|/1i|)2
<(m-D(ZL A7 -23)

=(n-— 1)[{’(271 — =1+ 2¥41<icjn aizj -
2]
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Since

s=4@2n—~4—1)+ 2 Ys11ci<j<n aizj,

E<A+J(n—1(s—23).
Thus, the required result is obtained.

Corollary 2.2. Let P(C,) be the power graph of a
cyclic group C,,, whose order is a positive integer
power of a prime number and n = 3. Then

E=2(n-1).

Proof. Since C,, is a cyclic group, whose order is a
positive integer power of a prime number, P(C,,) is
a complete graph and 4; = n — 1. By Theorem 2.2
and Lemma 2.2, we obtain

E<li+J(n—-1D(-13)

=n- 1+\/(n— Dn(n—1) —(n—1)?)
=2(n-1).
The proof is complete.

Theorem 2.3. Let P(C,,) be the power graph of C,
withn = 3. Then

E > \/S +n(n— 1)detA%,

wheres = (2n— ¢ — 1) + 2 Yy11<i<j<n al-zj.

Proof. By Lemma 2.1, we have

E? = (ZLqlAl)?

= ?:1/112 + 221si<j5n|/1i||/1j|

=4@2n—4C—1)+2¥11<i<j<n aizj +
Yol |2]

=5+ Yixjl il | 2] (3)

Since the geometric mean of nonnegative numbers
is smaller than their arithmetic mean. Thus, we
have

_r
;Zi::jud 2| = ([ixj12:1|2;] )70

n(n-1)

1
= (H?=1|Ai|2(n_1))"("'1)
2
= [Tiz11Ailn
2
= detAn (4)

By (3) and (4), we obtain

2
E > \/s + n(n — 1)detAn.

Corollary 2.3. Let P(C,,) be the power graph of a
cyclic group C,,, whose order is a positive integer
power of a prime number and n = 3. Then

2
EZJn(n—1)[1+(n—1)Z].
Proof. Since |C,| = p™, P(C,) is a complete graph

and its spectrum is {n -1,-1,-1,..., —1}. Using
n—-1

Theorem 2.3 and Lemma 2.2, we obtain
2
E>=Y", 22 +n(n— 1)detAn
2
=nn—-1D+nn—-D[n-DED* 1]
2
=n(n-—1) [1 +(n—- 1)n]

and then

2
Ean(n—1)[1+(n—1)z].
The proof is completed.

Theorem 2.4. Let P(C,,) be the power graph of C,
with n = 3 and 44,1, ..., 4, be the eigenvalues of
the adjacency matrix of P(C,,), with |A;]| = |A,| =
-+ > 1A, = 0.Then

54144 ]|4n|
121 ]+1An] 7

wheres = £(2n— £ — 1) + 2 ¥p11<i<j<n aizj-

Proof. Since C, is a cyclic group with n = 3, the
power graph P(C,) has at least two edges.
Therefore, the adjacency matrix of P(C,) has at
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least one nonzero eigenvalue. Now for i =
1,2,...,n be the |44 =]4;|=A,]. In this
situation,

(121 = 14D AL = 12,1 = 0. (5)
On the other hand,

U2 = 14D UAD = 122D = 141U ]+ 14,1 —
(22 + [44112,1).  (6)

By (5) and (6), we obtain
1211 + 1201 = 27 + 124125,
If this operation is applied for every i, we get

(1] + 22+ .+ 4D + 12,1 =
(A2 + 23+...+22) + n|A,]|4,].
Also using Lemma 2.1, we have

AxllAn]

E> s+n|A4]|1An .

T2+ ARl

Therefore, the proof is completed.

Corollary 2.4. Let P(C,) be the power graph of a
cyclic group C,,, whose order is a positive integer
power of a prime number and n = 3. Then

E=2(n-1).

Proof. Since |C,| = p™, P(C,) is a complete graph

and its spectrum is {n -1,-1,-1,..., —1}.
n-—1

Fori=23,...,n

A1) =[] = 122 =...= |4n],

and thus

(2411 = 14D U] = [24x]) = 0.

Using Theorem 2.3 and Lemma 2.2, we obtain

_ S AR niy ]

E
1211+12n]

_ n(n-1)+n(n-1)
- 1+n-1

=2(n-1).

Thus, the required result is obtained.

Theorem 2.5. Let P(C,,) be the power graph of C,
with n > 3 and A4, 4,, ..., 1,, be the eigenvalues of
the adjacency matrix of P(C,), with |A;]| = |A,] =
-+ > |A,| > 0.Then

£ > 2/AallaiVes

[A1]+[An] 7
wheres = £(2n— £ — 1) + 2 ¥p11<i<j<n aizj.

Proof Since C, is a cyclic group with n > 3, the
power graph P(C,) has at least two edges.
Therefore, the adjacency matrix of P(C,) has at
least one nonzero eigenvalue. Using Theorem 2.4,
we get

E> iy A7 41242y 7)
A1 ]+12]

On the other hand,

a+b=>2Vab

fora,b = 0. Thus

i A+ 0l l|An] = 2y 14112 nZ7, 22 (8)

Using (7), (8) and Lemma 2.1, we have

n 2
i e SR N YA VN
A1 l+12] A1 1+12]

The proof is completed.

Theorem 2.6. Let P(C,,) be the power graph of C,
with n = 3 and 44, 1,, ..., 4, be the eigenvalues of
the adjacency matrix of P(C,,), with

[A1] = |Az] = = |4, = 1. Then

wheres = £(2n — € — 1) + 2 ¥y 11<icjen 4F)-
Proof. Since A is the largest degree of P(C,)

Using Lemma 2.3 and Theorem 2.5, we have
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2./ AnlVns _ 2vn—1yns n-1
> > =2 |—s,

T ARl T n n

E

so, the proof is completed.
3. Conclusion

In this study, lower and upper bounds were
obtained for the energies of the power graphs of
finite cyclic groups by considering the adjacency
matrix structure of the power graph of a finite
cyclic group. Then, boundary studies were carried
out for the energies of the power graphs of finite
cyclic groups. Some of the bounds found give
results closer to the value. However, it is not
always possible to make a boundary comparison as
the approaches of the boundaries will change as
the graph structure changes.

4. References

Abreu, N.M.M., Gutman, |., Robbiano, M. and So, W,,
2010. Applications of a theorem by Ky Fan in the
theory of graph energy. Linear Algebra and its
Applications, 432, 2163-2169.

Cameron, P.J., 2010. The power graph of a finite group
IIl. Journal of Group Theory 13, 779-783.

Cameron, P.J. and Ghosh, S., 2011. The power graph of a
finite group. Discrete Mathematics, 311(3), 1220-
1222.

Cavers, M., Fallat, S., Kirkland, S., 2010. On the
normalized laplacian energy and general Randi'c
index R.; of graphs. Linear Algebra and its
Applications, 443, 172-190.

Chakrabarty, I., Ghosh, S., Sen, M.K., 2009. Undirected
Power Graphs of Semigroups. Semigroup Forum, 78,
410-426.

Chattopadhyay, S., Panigrahi, P., 2014. Connectivity and
planarity of power graphs of finite cylclic, dihedral
and dicyclic groups. and Discrete

Mathematics, 18, 42-49.

Algebra

Chattopadhyay, S., Panigrahi, P., 2015. Some relations
between power graphs and Cayley graphs. Journal of
the Egyptian Mathematical Society, 23, 457-462.

Chattopadhyay, S., Panigrahi, P. and Atik, F., 2018.
Spectral radius of power graphs on certain finite
groups, Indagationes Mathematicae, 29, 730-737.

Gutman, ||, 1978. The energy of graph. 10.

Steirmarkisches Mathematisches Symposium, 103, 1-

22.

Gutman, |. and Zhou, B., 2006. Laplacian energy of a
graph. Linear Algebra and its Applications, 414, 29-
37.

Gutman, L., Indulal, G. and Vijayakumar, A., 2008. On
distance energy of graphs. MATCH Communications
in Mathematical and Computer Chemistry, 60, 461-
472.

Horn, R.A. and Johnson, C.R., 2012. Matrix Analysis. 2 nd
edition, Cambridge/United Kingdom: Cambridge

University Press, 42.

Hwang, S.G., 2004. Cauchy's interlace theorem for
eigenvalues of hermitian matrices. The American
Mathematical Monthly, 111, 157-159.

Kelarev, A.V. and Quinn, S.J., 2002. Directed graphs and
combinatorial properties of semigroups. Journal of
Algebra, 251(1), 16-26.

Kelarev, A.V. and Quinn, S.J., 2004. A combinatorial

property and power graphs of semigroups.

Commentationes Mathematicae Universitatis

Carolinae, 45(1), 1-7.

Kelarev, A.V. and Quinn, S.J., 2000. A combinatorial
property and power graphs of groups. Contributions
to General Algebra, 12, 229-235.

Lutkepohl, H., 1996. Handbook of matrices. First edition,
Chichester: John Wiley & Sons, 268, 280.

Oboudi, M.R., 2019. A new lower bound for the energy

of graphs. Linear Algebra and its Applications, 580,
384-395.

1417



