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Article History 
Abstract − Galilean plane can be introduced in the affine plane, as in Euclidean plane. This means that the concepts 

of lines, parallel lines, ratios of collinear segments, and areas of figures are significant not only in Euclidean plane  

but also in Galilean plane. The Galilean plane 𝐺2 is almost the same as the Euclidean plane. The coordinates of a 

vector 𝑎 and the coordinates of a point 𝐴 (defined as the coordinates of 𝑂𝐴, where 𝑂 is the fixed origin) are introduced 
in Galilean plane in the same way as in Euclidean geometry. The galilean lines are the same. All we need add is that 
we single out special lines with special direction vectors in Galilean plane. We should attention that these two types 

of galilean lines cannot be compared. The difference between Euclidean plane and Galilean plane is the distance 

function. Thus, we can compare the many theorems and properties which is included the concept of distance in these 

geometries. The theorems and the properties of  triangles in the Euclidean plane can be studied in the Galilean plane. 

Therefore, in this study, we give the Galilean-analogues of Stewart’s theorem and median property for the triangles 

whose sides are on ordinary lines. 
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1. Introduction  

     Galilean geometry is described by (Yaglom,1979). The Galilean plane 𝐺2 is represented in the Cartesian 

plane as in the Euclidean plane. In the Galilean plane, the lines which are parallel to the 𝑦-axis are called 

special lines and the lines which are not parallel to 𝑦-axis are called ordinary lines. The distance function is 

different from the Euclidean plane. In the Galilean plane, if 𝑃 = (𝑥1, 𝑦1) and 𝑄 = (𝑥2, 𝑦2) are points, where 

𝑥2 > 𝑥1, then distance from 𝑃 to 𝑄 is defined by formula as follows (see 1.1): 

𝑑𝐺(𝑃, 𝑄) = 𝑥2 − 𝑥1. (1.1) 

If 𝑥1 = 𝑥2 and 𝑦2 > 𝑦1, then the points 𝑃 and 𝑄 are belong to same special line. The distance is defined by 

formula as follows (see 1.2): 

𝛿𝑃𝑄 = 𝑦2 − 𝑦1. (1.2) 

Since the distance function is different, the properties in the Euclidean plane can be reproduced faithfully in 

this plane. In the Galilean plane, topics involving distance have been studied by some authors (Kurudirek & 

Akca,2015; Akar, M., Yüce, S. & Kuruoglu, N.,2013). 

Stewart's theorem and the median property are well known in the Euclidean plane. Moreover, this theorem and 

property has been studied by some outhors (Kaya & Colakoğlu,2006; Gelisgen & Kaya,2013; Gelisgen & 

Kaya,2009) on other planes. 

How can we define this theorem and property in the Galilean plane? In this study, the answer to this question 

is investigated. Firstly, the definition of the base line is given similar to (Ozcan & Kaya,2003) for triangles in 
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𝐺2. Then, according to the definition of the base line, we give Galilean-analogues of Stewart’s theorem and 

median property for the triangles whose sides are on ordinary lines. 

2. Meterials and Methods  

     In this section, the basic information will be given about the triangle which is described by (Yaglom,1979) 

in the Galilean geometry.  

Let ∆𝐴𝐵𝐶 be a triangle whose sides are on ordinary lines and the sides have the lengths |𝑑𝐺(𝐵, 𝐶)| = 𝑎𝐺 ,
|𝑑𝐺(𝐶, 𝐴)| = 𝑏𝐺 , |𝑑𝐺(𝐴, 𝐵)| = 𝑐𝐺 (see Figure 1). If 𝑎𝐺 is the largest side, then we can write  𝑎𝐺  as follows 

(see 2.1): 

𝑏𝐺 + 𝑐𝐺 = 𝑎𝐺 , 𝐵̂𝐺 + 𝐶̂𝐺 = 𝐴̂𝐺 . (2.1) 

 

 

Figure 1 A triangle whose sides are on ordinary lines in 𝐺2. 

Now, we can show a triangle whose any side is on the special line in 𝐺2. 

 

 

Figure 2 A triangle whose any side is on the special line in 𝐺2. 

The triangle in figure 2 is an isosceles triangle. Because of the equation (2.1), the side 𝑐𝐺 must be equal to the 

sum of the sides 𝑎𝐺 and 𝑏𝐺 , the angle 𝐶̂𝐺 must be the largest angle. But the slope of a special line is equal to 

the tangent of the angle between special line and the 𝑥 − 𝑎𝑥𝑖𝑠  (i.e., 𝑡𝑎𝑛90°) and it must be infinite.     Therefore 

the largest angle must be either the angle 𝐴̂𝐺 or the angle 𝐵̂𝐺. Hence a contradiction is obtained. 
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Since the two types of Galilean lines are not comparable, it is natural to include in the class of lines of Galilean 

geometry only ordinary lines (Yaglom,1979). So the sides of a triangle in 𝐺2 lie on ordinary lines. Now we 

use the following definition given in (Ozcan & Kaya,2003) to give a Galilean-analogues of Stewart’s theorem 

and median property. 

Definition 2.1 Let ∆𝐴𝐵𝐶 be any triangle whose sides are on ordinary lines in 𝐺2. A line 𝑘 is said a base line 

of ∆𝐴𝐵𝐶 if and only if 

i)  𝑘 passes through a vertex, 

ii) 𝑘 is parallel to a coordinate axis, 

iii) 𝑘 intersects the opposite side (as a line segment) to the vertex in Condition 1. 

Thus, at least one of the vertices of a triangle always has one or two base lines. Like this  a vertex of a triangle 

is said a basic vertex. A base segment is a line segment on a base line, which is bounded by a basic vertex and 

its opposite side. 

3. Results and Discussion  

     After this preliminary, we can give the following theorem for a triangle whose sides are on ordinary lines. 

 

Theorem 3.1 Let the sides of a triangle ∆𝑃𝑄𝑅 in 𝐺2 have lengths |𝑑𝐺(𝑃, 𝑄)| = 𝑟𝐺 , |𝑑𝐺(𝑄, 𝑅)| = 𝑝𝐺 ,  
|𝑑𝐺(𝑅, 𝑃)| = 𝑞𝐺 . If 𝑋 ∈ [𝑄𝑅] and |𝑑𝐺(𝑄, 𝑋)| = 𝑚𝐺 , |𝑑𝐺(𝑋, 𝑅)| = 𝑛𝐺 , |𝑑𝐺(𝑃, 𝑋)| = 𝑥𝐺 , then we can write 

as follows (see 3.1): 
 

𝑥𝐺 =

{
 
 
 
 

 
 
 
 

 

𝑚𝐺 + 𝑟𝐺, 𝐼𝑓 ∆𝑃𝑄𝑅 ℎ𝑎𝑠 𝑛𝑜 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑃, 

(3.1) 

𝑛𝐺 + 𝑞𝐺 , 𝐼𝑓 ∆𝑃𝑄𝑅 ℎ𝑎𝑠 𝑜𝑛𝑙𝑦 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑃, 
𝑛𝐺 − 𝑞𝐺, 

𝐼𝑓 ∆𝑃𝑄𝑅 ℎ𝑎𝑠 𝑡𝑤𝑜 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑃 

𝑎𝑛𝑑 𝑋 𝑖𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒𝑠, 

|𝑛𝐺 − 𝑞𝐺|, 𝐼𝑓 ∆𝑃𝑄𝑅 ℎ𝑎𝑠 𝑡𝑤𝑜 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑃 

𝑎𝑛𝑑 𝑋 𝑖𝑠 𝑛𝑜𝑡 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒𝑠. 

PROOF :  

Let 

𝑄́ = 𝑂𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑄 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑃 𝑎𝑛𝑑 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑦 − 𝑎𝑥𝑖𝑠,  
𝑅́ = 𝑂𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑅 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑄𝑄́, 
𝑋́ = 𝑂𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑋 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑄𝑄́. 
 

i) If the triangle ∆𝑃𝑄𝑅 has no base line through the vertex 𝑃 (see Figure 3), then (see 3.2) 

 

𝑑𝐺(𝑃, 𝑄) = 𝑑𝐺(𝑄́, 𝑄),    𝑑𝐺(𝑄, 𝑋) = 𝑑𝐺(𝑄, 𝑋́). (3.2) 

 

Thus, we obtain 𝑑𝐺(𝑃, 𝑋) = 𝑥𝐺  as follows (see 3.3 and 3.4):  

 

𝑑𝐺(𝑃, 𝑋) = 𝑑𝐺(𝑄́, 𝑄) + 𝑑𝐺(𝑄, 𝑋́), (3.3) 

𝑥𝐺 = 𝑟𝐺 +𝑚𝐺 . 
(3.4) 
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Figure 3 A triangle which has no base line through the vertex 𝑃.  

ii) If the triangle ∆𝑃𝑄𝑅 has only base line through the vertex 𝑃 (see Figure 4), then (see 3.5) 

 

𝑑𝐺(𝑃, 𝑅) = 𝑑𝐺(𝑄́, 𝑅́),    𝑑𝐺(𝑅, 𝑋) = 𝑑𝐺(𝑅́, 𝑋́). (3.5) 

 

Thus, we obtain 𝑑𝐺(𝑃, 𝑋) = 𝑥𝐺  as follows (see 3.6 and 3.7): 

 

𝑑𝐺(𝑃, 𝑋) = 𝑑𝐺(𝑄́, 𝑅́) + 𝑑𝐺(𝑅́, 𝑋́), 
(3.6) 

𝑥𝐺 = 𝑞𝐺 + 𝑛𝐺 . 
(3.7) 

 

 

 
 

Figure 4 A triangle which has only one base line through the vertex 𝑃. 

 

iii) If the triangle ∆𝑃𝑄𝑅 has two base line through the vertex 𝑃 and 𝑋 is between the intersection points of 

base lines (see Figure 6), then (see 3.8) 

 

𝑑𝐺(𝑅, 𝑃) = 𝑑𝐺(𝑅́, 𝑄́),    𝑑𝐺(𝑅, 𝑋) = 𝑑𝐺(𝑅́, 𝑋́). (3.8) 

 

Thus, we obtain 𝑑𝐺(𝑃, 𝑋) = 𝑥𝐺  as follows (see 3.9 and 3.10): 

 

𝑑𝐺(𝑃, 𝑋) = 𝑑𝐺(𝑅́, 𝑋́) − 𝑑𝐺(𝑅́, 𝑄́), (3.9) 

𝑥𝐺 = 𝑛𝐺 − 𝑞𝐺 . 
(3.10) 
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Figure 6 A triangle which has two base lines through the vertex 𝑃 and 𝑋 be between the intersection  

points of base lines. 

 

iv) If the triangle ∆𝑃𝑄𝑅 has two base line through the vertex 𝑃 and 𝑋 is not between the intersection points 

of base lines (see Figure 7), then (see 3.11) 

 

𝑑𝐺(𝑅, 𝑃) = 𝑑𝐺(𝑅́, 𝑄́),    𝑑𝐺(𝑅, 𝑋) = 𝑑𝐺(𝑅́, 𝑋́).   (3.11) 

 

Thus, we obtain 𝑑𝐺(𝑃, 𝑋) = 𝑥𝐺  as follows (see 3.12, 3.13, 3.14, 3.15): 

 

𝑑𝐺(𝑃, 𝑋) = 𝑑𝐺(𝑅́, 𝑋́) − 𝑑𝐺(𝑅́, 𝑄́),     (3.12) 

𝑥𝐺 = 𝑛𝐺 − 𝑞𝐺. (3.13) 

or 

𝑑𝐺(𝑃, 𝑋) = 𝑑𝐺(𝑅́, 𝑄́) − 𝑑𝐺(𝑅́, 𝑋́), (3.14) 

𝑥𝐺 = 𝑞𝐺 − 𝑛𝐺 . (3.15) 

 

 

 

 

Figure 7 A triangle which has two base lines through the vertex 𝑃 and 𝑋 is not between the intersection 

points of base lines. 

 

As a result we can write as follows (see 3.16): 
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𝑥𝐺 = |𝑛𝐺 − 𝑞𝐺|. (3.16) 

 

The following corollary  gives a  Galilean-analogues of median property in the Euclidean geometry. 

 

 

Corollary 3.1 Let the side of a triangle ∆𝑃𝑄𝑅 in 𝐺2 have lengths |𝑑𝐺(𝑃, 𝑄)| = 𝑟𝐺 , |𝑑𝐺(𝑄, 𝑅)| = 𝑝𝐺 ,  
|𝑑𝐺(𝑅, 𝑃)| = 𝑞𝐺 . If 𝑋 is midpoint of  [𝑄𝑅] and |𝑑𝐺(𝑃, 𝑋)| = 𝑉𝑝𝐺

, then (see 3.17) 

 

2𝑉𝑝𝐺 =

{
 
 
 
 
 

 
 
 
 
 

 

 𝑝𝐺 + 2𝑟𝐺, 𝐼𝑓 ∆𝑃𝑄𝑅 ℎ𝑎𝑠 𝑛𝑜 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑃, 

     (3.17) 

 𝑝𝐺 + 2𝑞𝐺 , 𝐼𝑓 ∆𝑃𝑄𝑅 ℎ𝑎𝑠 𝑜𝑛𝑙𝑦 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑃, 
𝑝𝐺 − 2𝑞𝐺, 𝐼𝑓 ∆𝑃𝑄𝑅 ℎ𝑎𝑠 𝑡𝑤𝑜 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑃 

𝑎𝑛𝑑 𝑋 𝑖𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒𝑠, 

 |𝑝𝐺 − 2𝑟𝐺|, 𝐼𝑓 ∆𝑃𝑄𝑅 ℎ𝑎𝑠 𝑡𝑤𝑜 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑃 

𝑎𝑛𝑑 𝑋 𝑖𝑠 𝑛𝑜𝑡 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑎𝑠𝑒 𝑙𝑖𝑛𝑒𝑠. 

 

PROOF : It can be proved similar to theorem 3.1. 

4. Conclusion  

In this study, Stewart's theorem and median property have been studied for triangles whose sides are on 

ordinary lines in the Galilean plane 𝐺2. In order to achieve this aim, firstly, we give the definition of base line 

for these triangles in 𝐺2. According to the cases of base lines we get Galilean-analogues of Stewart’s theorem 

and median property. 
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