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Abstract 

In this paper, we will give some results for saturated numerical semigroups with 

multiplicity p  prime number and conductor  where 10p . 

 

 

1. Introduction 

 

Let {..., 1,0,1,...} integers set and  

{ : 0}a a  be non-negative integers set. 

and integers set, respectively.  is called a 

numerical semigroup if 0 ,  1 2 ,a a
 

1 2for all ,a a and  #( \ )  is finite  ( #( )Y  is 

cardinality the set of Y ). 

            Let  be a numerical semigroup. The largest 

element of the set of \  is called the Frobenius 

number of , and it is denoted by ( )v . The 

smallest nonzero element of   is called the 

multiplicity of  and is denoted by  ( ) . Also, 

the number ( ) #({0,1,2,..., ( )} )  is 

called determine number of . For the numerical 

semigroup, 

1 2 0 1, 2 1, ,..., { 0, , ,..., , ( ) 1, ...}k n nu u u , 

where 
1j j

 for 1,2,..., ( )j n . Also, 

the arrow means  , for all ( ) 1 . In 

this case, the number  ( ) 1  is called 

conductor of  [1], [5].  

Let 1 2, ,..., ku u u  be a numerical 

semigroup. Then the cardinality of elements 

1 2, ,..., ku u u , that is, k  is called embedding 

dimension of , and is denoted by ( )e .  It is 

known that ( ) ( )e . So, the numerical 

semigroup 
1 2, ,..., ku u u  is called Maksimal 

Embedding Dimension (MED) if  ( ) ( )e .  

The numerical semigroup  is Arf if  

1 2 3
 for all 

1 2 3, ,  such that 

1 2 3
. If  is an Arf numerical semigroup 

then  is MED. But, its converse is not true. For 

example, The numerical semigroup 
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3,7,11 {0,3,6,7,9,10, ...} is MED but 

not is Arf, since 7 7 6 8  [2], [3], [4], [6]. 

 is called saturated numerical semigroup if 

( )p r x , for all , {0}p x , where 

( ) gcd{ : }r x x . It known that a 

saturated numerical semigroup is Arf.  But, an Arf 

numerical semigroup can not a saturated. For 

example, 5,8,11,12,14  is Arf but it is not 

saturated [7], [10]. 

Let  be a numerical semigroup and 

0 . The set 

( , ) { : }Ap y y  is Apery set of  

according to . The element g  is a gap of  if   

g  but g , we denote the set of gaps of , by 

( ) , i.e. ( ) { : }g g . The element 

( )g  is a pseudo-Frobenius number if  

g , for all , 0 . And the set of all 
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pseudo-Frobenius number of , we denote by 

( )PF . Also, the set 

( ) { ( ) : 2 }SG g PF g  is called the set of 

special gaps of   [6]. 

For a numerical semigroup , ( )t  is 

called isole gap if  1, 1t t . The set of  isole 

gaps of  is denoted by ( )I , that is, 

( ) { ( ): 1, 1 }I t t t . Also, the 

numerical semigroup  is called perfect if  

( )I  ( for details see [8], [9]). 

 In this study, we will give some results 

about the set of Pseudo-Frobenius and the set of 

isole gaps of . Also, we will examine whether  

will be perfect such that  is saturated numerical 

semigroup with multiplicity p prime number and 

conductor  where 10p  and 1( )p . 

2. Main Results 

 

Theorem 2.1. ([6]) If  1 2, ,..., na a a  is a 

MED numerical semigroup then 

1 2 3( , ) {0, , ,..., }nAp a a a a . 

Proposition 2.2. ([5]). Let 1 2, ,..., na a a  be 

a numerical semigroup. Then we have 

( ) { : ( , ), ( )}PF x x Ap x .  

Theorem 2.3. ([7])  Let  be a numerical semigroup 

with ( ) 2  and conductor . Then, the  

saturated numerical semigroup is 2,2 1    , 

for 0(mod2) . 

Theorem 2.4. ([7]) Let  be a numerical semigroup 

with ( ) 3  and conductor . Then,  is 

saturated  if   is one of following numerical 

semigroups: 

(1) 3, 1, 2 for   0(3) . 

(2)  3, , 2 for   2(3) . 

 

Theorem 2.5. ([7])  Let    be a numerical semigroup with ( ) 5   and conductor . Then,   is saturated 

if     is one of following numerical semigroups: 

1) 5, 1, 2, 3, 4  for 0(5)  

2) 5, , 1, 2, 4   for  2(5)  

3) 5, , 1, 3, 4  for 3(5)  

4) 5, , 2, 3, 4  for 4(5) . 

Theorem 2.6. ([7]) Let    be a numerical semigroup with ( ) 7   and conductor . Then,     is saturated 

if   is one of following numerical semigroups: 

1) 7, 1, 2, 3, 4, 5, 6             for 0(7)   

2) 7, , 1, 2, 3, 4, 6                 for 2(7)   

3) 7, , 1, 2, 3, 5, 6              for 3(7)   

4) 7, , 1, 2, 4, 5, 6             for 4(7)   

5) 7, , 1, 3, 4, 5, 6            for 5(7)   

6) 7, , 2, 3, 4, 5, 6             for 6(7)  . 
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Theorem 2.7.  Let 2,2 1  be a saturated  

numerical semigroup for  0(2) . Then, we have, 

( ) {2 1}PF .  

Proof. Let 2,2 1  be a saturated 

numerical semigroup with ( ) 2  and conductor 

0(2) . Then we wite that, 

2,2 1 {0,2,4,6,...,2 2,2 , ...}

, and the set of gaps of   is

 ( ) 1,3,5,..., 2 1    . Thus, we find that the set 

of Pseudo-Frobenius elements of   is  

   ( ) 2: ( , 2), ( ) 2 1 2 1PF x x Ap x               

since  

( ,2) { : 2 } {0,2 1}Ap x x . 

Theorem 2.8. Let   be a saturated numerical semigroup with prime multiplicity ( ) p and conductor 

, where 2 10p   and ( )j p  . 

i) If 0j   then ( ) { 1, 2, 3,..., ( 1)}.PF p           

ii) If 0j   then ( ) { : 1,2,..., 1, 1,..., }.PF k k j j p       

Proof. Let   be a saturated numerical semigroup with prime multiplicity ( ) p  
and conductor , where 

10p   and ( )j p  . 

i) If  0j   then we write the  saturated  numerical semigroup   as following: 

 for 3,5,7p  respectively: 

(a) 3, 1, 2 , 

(b) 5, 1, 2, 3, 4 , 

(c) 7, 1, 2, 3, 4, 5, 6             . 

 Now, we can explain the above cases as follows: 

(a) Let    be a saturated  numerical semigroup is 3, 1, 2 .   Then we have  

3, 1, 2 {0,3,6,..., 6, 3, , ...} . 

In this case, we have that,  

 ( ) 1,2,4,5,7,8,..., 7, 5, 4, 2, 1             

and  ( ,3) 0, 1, 2Ap      .  So, we find that  

   ( ) 3: ( ,3), ( ) 1 1, 2PF x x Ap x                . 

 

(b) Let   be a saturated  numerical semigroup is 5, 1, 2, 3, 4 .  Then we write  

5, 1, 2, 3, 4 {0,5,10,..., 5, ...}  

and  

                       
 ( ) 1,2,3,4,6,7,8,9,11,..., 4, 3, 2, 1          . 

Thus, we obtain  

   ( ) 5: ( ,5), ( ) 1 1, 2, 3, 4PF x x Ap x                     

since ( ,5) { : 5 } {0, 1, 2, 3, 4}Ap x x . 

(c) Let   be a saturated numerical semigroup 7, 1, 2, 3, 4, 5, 6             .  We have 

7, 1, 2, 3, 4, 5, 6 {0,7,14,..., 14, 7, , ...}  

and  

   
 ( ) 1,2,3,4,5,6,8,9,10,11,12,13,15,..., 8, 6, 2, 1          . 

We find that  
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   ( ) 7: ( ,7), ( ) 1 1, 2, 3, 4, 5, 6PF x x Ap x                         

since ( ,7) : 7 {0, 1, 2, 3, 4, 5, 6}Ap x x . 

 

Considering  the  above  explanations, we obtain  

( ) { 1, 2, 3,..., ( 1)}PF p           

for 2 10p   and 0( )p  . 

ii) If  0j   then we write the saturated numerical semigroup   as following: 

(a)  For 3p  ;                                                                                               

The saturated numerical semigroup is 3, , 2 for   2(3) . Then, we write  

3, , 2 {0,3,6,9,..., 5, 2, , ...} , 

                              
 ( ) 1,2,4,5,7,8,..., 6, 4, 3, 1           

and  

 ( ,3) 0, , 2Ap     . 

Thus, we find that    ( ) 3: ( ,3), ( ) 1 1, 3PF x x Ap x                .  

(b) For 5p  ; 

(1) If the saturated numerical semigroup is 5, , 1, 2, 4   for 2(5) , then we have 

5, , 1, 2, 4 {0,5,10,..., 7, 2, , ...} , 

( ) {1,2,3,..., 6, 5,..., 3, 1}  and ( ,5) {0, , 1, 2, 4}Ap  .  So,  we find that 

,    ( ) 5: ( ,5), ( ) 1 1, 3, 4, 5PF x x Ap x                    . 

(2) If the saturated numerical semigroup is 5, , 1, 3, 4  for 3(5) , then we write  

5, , 1, 3, 4 {0,5,10,..., 8, 3, , ...}

( ) {1,2,3,..., 7, 6, 5, 4, 2, 1} 

and  

( ,5) {0, , 1, 3, 4}Ap  . 

Thus,  we obtain that  

   ( ) 5: ( ,5), ( ) 1 1, 2, 4, 5PF x x Ap x                    . 

(3)   If the saturated numerical semigroup is 5, , 2, 3, 4 for 4(5) , then we find 

that  

5, , 2, 3, 4 {0,5,10,..., 9, 4, , ...}  

               ( ) {1,2,3,..., 8, 7, 6, 5, 3, 2, 1}  

and  

               
( ,5) {0, , 2, 3, 4}Ap . 

Thus, we write that  

   ( ) 5: ( ,5), ( ) 1 1, 2, 3, 5PF x x Ap x                    . 

(c) For 7p  ; 

(1) If the saturated numerical semigroup is 7, , 1, 2, 3, 4, 6             for 2(7) , then 

we have  

7, , 1, 2, 3, 4, 6 {0,7,14,21,..., 9, 2, , ...} 
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           and  

                  ( ) {1,2,3,...,6,8,...,13,15,..., 8, 7,..., 3, 1} . 

Thus, we find that          

( ) { 7 : ( ,7), ( ) 1}PF x x Ap x F = 7, 6, 5, 4, 3, 1           since 

( ,7) {0, , 1, 2, 3, 4, 6}Ap .  

            Making same operations, we find  followings:  

(2) If the saturated numerical semigroup is 7, , 1, 2, 3, 5, 6             for 3(7) , then 

we have ( )PF   7, 6, 5, 4, 2, 1           .  

(3) If the saturated numerical semigroup is 7, , 1, 2, 4, 5, 6             for 4(7) , then 

we have ( )PF   7, 6, 5, 3, 2, 1           . 

(4) If the saturated numerical semigroup is 7, , 1, 3, 4, 5, 6             for 5(7) , then 

we have ( )PF   7, 6, 4, 3, 2, 1           . 

(5) If the saturated numerical semigroup is 7, , 2, 3, 4, 5, 6            for 6(7) , then 

we have ( )PF   7, 5, 4, 3, 2, 1           .  

Finally, we obtain following results for a saturated  numerical semigroup   ,with ( ) p  is prime number 

and  conductor , where 2 10p   and ( )j p  : 

i) If 0j   then ( ) { 1, 2, 3,..., ( 1)}.PF p           

ii) If 0j   then ( ) { : 1,2,..., 1, 1,..., }.PF k k j j p       

Theorem 2.9. The saturated numerical semigroup    given by Theorem 2.3. is not perfect,  

Proof. Let  be a saturated numerical semigroup which given by Theorem 2.3. Then, 2,2 1    , with 

( ) 2  
and conductor 0(mod2) . In this case, we write 2,2 1 {0,2,4,6,..,2 , ...}

and ( ) {1,3,5,...,2 1} . In this case, we obtain the set of isole gaps of is 

( ) { ( ): 1, 1 } { ( )}I y y y  , that is,  is not perfect.  

Theorem 2.10. Let    be a saturated  numerical semigroup with ( ) p  is prime number and  conductor 

, where 2 10p   and ( )j p  .  

(i)   If 2j   then  ( ) ( )I     

(ii)  If 2j   then ( )I   . 

Proof. Let    be a saturated numerical semigroup with prime multiplicity ( ) p  
and conductor , where 

2 10p   and  ( )j p  . 

(i)  If 2j   then we have the following saturated numerical semigroups: 

(1) For 3p  ;                                                                                               

The saturated numerical semigroup is 3, , 2  for  2(3)  and we write 

3, , 2 {0,3,6,9,..., 5, 2, , ...} . Therefore, we obtain the set of isole gaps 

of is ( ) { ( ): 1, 1 } { 1} { ( )}I y y y  since 

 ( ) 1,2,4,5,7,8,..., 6, 4, 3, 1          . 

(2)  For 5p  ; 



A. Çelik / BEU Fen Bilimleri Dergisi 11 (3), 893-901, 2022 

898 
 

The saturated numerical semigroup is 5, , 1, 2, 4   for 2(5) , then we have  

5, , 1, 2, 4 {0,5,10,..., 7, 2, , ...}  

and  

( ) {1,2,3,4,6..., 6,..., 3, 1}. 

Thus, we obtain that  

( ) { ( ): 1, 1 } { 1} { ( )}I y y y . 

 

(3) For 7p  ; 

The saturated numerical semigroup is 7, , 1, 2, 3, 4, 6             for 2(7),   then 

we have  

7, , 1, 2, 3, 4, 6 {0,7,14,16,..., 9, 2, , ...}  

and  

( ) {1,2,3,4,5,6,8,..., 8, 7,..., 3, 1} . 

So, we find that  

( ) { ( ): 1, 1 } { 1} { ( )}I y y y . 

 

(ii) If 2j   then we have the following saturated numerical semigroups:  

(1) If  0j   then we write the  saturated  numerical semigroup   as following: 

 for 3,5,7p  respectively: 

(a) 
 3, 1, 2 , 

(b) 
 5, 1, 2, 3, 4 , 

(c) 
 

7, 1, 2, 3, 4, 5, 6             . 

Now, we can explain the above cases as follows: 

(a) Let   be a saturated  numerical semigroup is 3, 1, 2 . Then we have we 

obtain the set of isole gaps of is ( ) { ( ): 1, 1 }I y y y  since 

3, 1, 2 {0,3,6,..., 6, 3, , ...}  

and   

 ( ) 1,2,4,5,7,8,..., 7, 5, 4, 2, 1            . 

(b) The saturated  numerical semigroup is 5, 1, 2, 3, 4 . Then we write  

5, 1, 2, 3, 4 {0,5,10,..., 5, , ...} 

and  

 ( ) 1,2,3,4,6,7,8,9,..., 4, 3, 2, 1          . 

So, we find that ( ) { ( ): 1, 1 }I y y y . 

(c) Let    be a saturated  numerical semigroup is 

7, 1, 2, 3, 4, 5, 6             . 

In this case, we obtain that ( )I  since {0,7,14,..., 14, 7, , ...}  and  

 ( ) 1,2,3,4,5,6,8,9,10,11,12,13,..., 8, 6, 2, 1          . 

 

(2) If  3j   then we write the  saturated  numerical semigroup   as following: 

 for 5,7p  respectively: 

(a) 5, , 1, 3, 4 , 

(b) 7, , 1, 2, 3, 5, 6            . 

Now, we can explain the above cases as follows: 
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(a) If the saturated numerical semigroup is 5, , 1, 3, 4  for 3(5)  then we write 

5, , 1, 3, 4 {0,5,10,..., 8, 3, , ...} 

( ) {1,2,3,..., 7, 6, 5, 4, 2, 1}. Thus, we obtain  

( ) { ( ): 1, 1 }I y y y . 

(b) If the saturated numerical semigroup is 7, , 1, 2, 3, 5, 6             for 3(7) , then we 

have ( ) { ( ): 1, 1 }I y y y  since  

 7, , 1, 2, 3, 5, 6 0,7,14,21,..., 10, 3, , ...                   and  

( ) {1,2,3,4,5,6,8,..., 5, 4, 2, 1} . 

 

(3) If  4j   then we write the  saturated  numerical semigroup   as following: 

 for 5,7p  respectively: 

(a) 5, , 2, 3, 4 , 

(b) 7, , 1, 2, 4, 5, 6            .  

Now, we can explain the above cases as follows: 

(a)  If the saturated numerical semigroup is 5, , 2, 3, 4  for 4(5)  then we write 

5, , 2, 3, 4 {0,5,10,..., 9, 4, , ...},  

( ) {1,2,3,4,6,..., 8, 7, 6, 5, 3, 2, 1} . Thus, we obtain  

( ) { ( ): 1, 1 }I y y y . 

(b) If the saturated numerical semigroup is 7, , 1, 2, 4, 5, 6             for 4(7) , then we 

have ( ) { ( ): 1, 1 }I y y y  since  

              7, , 1, 2, 4, 5, 6 0,7,14,21,..., 11, 4, , ...                     

and  

( ) {1,2,3,4,5,6,8,..., 10,..., 5, 3, 2, 1}. 

 

(4) If 5j   then we write the saturated numerical semigroup  

 7, , 1, 3, 4, 5, 6 0,7,14,21,..., 12, 5, , ...                   .In this case, 

we obtain that ( ) { ( ): 1, 1 }I y y y   since  

( ) {1,2,3,4,5,6,8,..., 11,..., 6, 4, 3, 2, 1}. 

 

(5) If 6j   then we write the saturated numerical semigroup  

 7, , 2, 3, 4, 5, 6 0,7,14,21,..., 13, 6, , ...                   . Thus, we 

find that ( ) { ( ): 1, 1 }I y y y   since  

( ) {1,2,3,4,5,6,8,..., 14,..., 5, 4, 3, 2, 1}
. 

Corollary 2.11.   Let    be a saturated numerical semigroup with prime multiplicity ( ) p and conductor 

, where 2 10p   and ( )j p  .  

(i)   If 2j   then  not perfect 

(ii)   If 2j   then   is perfect. 

 Proof. It is clear. 

 Corollary 2.12 Let    be a saturated numerical semigroup with prime multiplicity ( ) p  
and conductor 

, where 10p   and ( )j p  . Then, we have ( ) ( )PF SG . 
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Proof Let    be a saturated numerical semigroup with prime multiplicity ( ) p  
and conductor , where 

10p   and ( )j p  . Then, it is clear that  ( ) ( ).SG PF  

(1) For 2p  ; 

 If 0(2)   then 2,2 1 {0,2,4,6,...,2 2,2 , ...} and we write 

( ) 2 1PF  from Theorem 2.7. 

 If ( ) 2 1 2 4 2 (3 ) ( 2) ( )x PF x x x SG .  

 

(2) For 3p  ; 

(a) If  0(3)   then 3, 1, 2 {0,3,6,9,.., 6, 3, , ...} and we write 

 ( ) 1, 2PF       from Theorem 2.8/(i).  Let ( )x PF . 

                 If 1 2 2 2 ( 3) ( 1) ( )x x x SG  

 or 

                 if 2 2 2 4 ( 6) ( 2) ( )x x x SG  .  

(b) If  2(3)   then 3, , 2 {0,3,6,9,..., 8, 5, 2, , ...} and we  

write  ( ) 1, 3PF       from Theorem 2.8/(ii).  Let ( )x PF   

                 if 1 2 2 2 ( 2) ( ) ( )x x x SG   

or 

                 if 3 2 2 6 ( 8) ( 2) ( )x x x SG . 

If we make same operations for 5p   and 7p  , we obtain ( ) ( )PF SG . Thus, the proof is completed. 

 Example 2.13. We put 3p  and 9, in Theorem 2.4/(1) Then, we write  

3,10,11 {0,3,6,9, ...}  MED and saturated numerical semigroup since ( ) ( ) 3.e  Here, 

( ) 8f , ( ) 3n , ( ) {1,2,4,5,7,8}  and  ( ,3) {0,10,11}Ap . In this case, we find that  

( ) { 3: ( ,3), ( ) 8} {10 3,11 3} {9,8}PF x x Ap x F  

and 

( ) { ( ): 1, 1 }I y H y y . 

That is, 3,10,11 {0,3,6,9, ...}  numerical semigroup is perfect. Also,  

( ) { ( ) : 2 } {8,9} ( )SG x PF x PF . 

Example 2.14. We put 5p  and 12, in Theorem 2.5/(2) Then, we write  

5,12,13,14,16 {0,5,10,12, ...}  saturated numerical semigroup. Here, ( ) 5 , ( ) 11,f  

( ) 3n S , ( ) {1,2,3,4,6,7,8,9,11, ...} and  ( ,5) {0,12,13,14,16}Ap .  

Thus, we obtain  

( ) { 5: ( ,5), ( ) 11} {7,8,9,11}PF x x Ap x F  

and  

( ) { ( ): 1, 1 } {11}I y H y y . 

Therefore, the numerical semigroup   is not perfect and, we find that 
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( ) { ( ) : 2 } {7,8,9,11} ( )SG x PF x PF  
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