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ABSTRACT  

 

In this study, we find an upper bound for the largest signless Laplacian eigenvalue of simple connected weighted 
graphs, where edge weights are positive definite square matrices. Also we obtain some results on weighted and 

unweighted graphs by using this bound.  
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1. INTRODUCTION 

In this paper, we consider a simple connected weighted 

graph in which the edge weights are positive definite 

square matrices. Let   be a simple connected weighted 

graph on   vertices. Denote by   the positive definite 

weight matrix of order   of the edge   and assume that 

jiij ww  . Let 
ijj

iji ww
~:

, for all Vi . 

The signless Laplacian matrix  GQ  of a weighted 

graph G  is a block matrix and defined as 

   
ntntijqGQ


 , where 

 

 

 







 



otherwise.;0

,~ if;

, if;

jiw

jiw

q ij

i

ij
 

 

In the definitions above, the zero denotes the tt   

zero matrix. Thus  GQ  is a square matrix of order 

nt . Let 1q  denote the largest signless Laplacian 

eigenvalue of  GQ  and  ijwq1  denote the largest 

eigenvalue of ijw . 
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Upper bounds for the largest signless Laplacian 

eigenvalue for unweighted graphs have been 

investigated to great extent in the literature. In Section 

2, we give an upper bound for the largest signless 

Laplacian eigenvalue of weighted graphs. We also 

characterize graphs for which equality holds in the 

upper bound. 

Lemma 1. 

Let A  be a Hermitian nn  matrix with eigenvalues 

nqqq  ...21 , then for any  0 xRx n
, 

 0 yRy n
 

yyxxqyAx
TTT

1 . 

Equality holds if and only if x  is an eigenvector of A  

corresponding to the largest eigenvalue 1q  and 

xαy   for some Rα  [5]. 

Theorem 1. 

If A  is a Hermitian nn  matrix with eigenvalues 

nqqq  ...21 , then for any 
nCx  

xxqxAxxxq
TTT

n 1  

xAx
xx

xAx
qq

T

xx
T

T

x T
10

1max maxmax


  

xAx
xx

xAx
qq

T

xx
T

T

x
n T

10
min minmin


  [5]. 

Corollary 1. 

Let nMA  have eigenvalues  iq . Even if A  is 

not Hermitian, one has the bounds 

yx

yAx
q

yx

yAx
T

T

yx
iT

T

yx 0,00,0
maxmin


 , 

for any  0 xRx n
,  0 yRy n

 and for 

ni ,...,2,1  [8]. 

Corollary 2. 

Let nMBA ,  are positive definite matrices and 

Nk  . Then, 
kA  and BA   are also positive 

definite matrices [5]. 

2. MAIN RESULTS   

In this section we find an upper bound on the largest 

signless Laplacian eigenvalue of simple connected 

weighted graphs. 

Theorem 2. 

Let G  be a simple connected weighted graph. Then 
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(1)                        

Moreover equality holds in (1) if and only if 

(i) G  is a bipartite regular graph or a bipartite 

semiregular graph, 

(ii) ijw  have a common eigenvector corresponding to 

the largest eigenvalue  ijwq1  for all ji, . 

Proof. 

Let us consider the matrix  GQ 2
. The  ji, th 

element of  GQ 2
 is 



























otherwise.;
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, if;
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Let  TT

n

TT
xxxx ,...,, 21  be an eigenvector 

corresponding to the eigenvalue 
2

1q  of  GQ 2
 and 

ix  be the vector component of x  such that 

 k

T

k
Vk

i

T

i xxxx


 max .                                          (2)                                                                                               

Since x  is nonezero, so is ix . We have 

  xqxGQ
2

1

2  .                                                    (3)                                                                                                 
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From the i th equation of (3), we get 
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i.e., 

   




iss

ri
nri

rk
ikk

rkrik

T

issisisi

T

i

ikk

iik

T

iii

T

ii

T

i xwwxxwwwwxxwxxwxxxq
~: ,1

~
~:~:

222

1
.                        (4) 

From Corollary 1 and Lemma 1, we have 
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1
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Four cases arise; 

1. sisisi wwww   and krikww  are 

Hermitian matrices for all iss ~,  and for 

all ,~,~, rkikk  nri  ,1 , 

2. sisisi wwww   is a Hermitian matrix for 

all iss ~,  and krikww  is not a Hermitian 

matrix for all ,~,~, rkikk  

nri  ,1 , 

3. krikww  is a Hermitian matrix for all 

,~,~, rkikk  nri  ,1  and 

sisisi wwww   is not a Hermitian matrix 

for all iss ~, , 

4. sisisi wwww   and krikww  are not 

Hermitian matrices for all iss ~,  and for 

all ,~,~, rkikk  nri  ,1 , 

Case 1: sisisi wwww   and krikww  are Hermitian 

matrices. From (5), (2) and using Lemma 1 we get 
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Case 2: sisisi wwww   is a Hermitian matrix and 

krikww  is not a Hermitian matrix. Let us take the ratio 

of 

r

T

rkrk

T

xx

xwwx




 

for nr  ,1  . If 0 rNN , this ratio is 

zero, where rNN   is the number of common 

neighbors of   and r . So let us consider 

0 rNN . From (2) and using the Cauchy-

Schwarz inequality, we have 
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  .(6)                                                                         

Since (6) implies for each x  and rx  
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From (2), (7) and using Corollary 1, we get 
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Since sisisi wwww   is a Hermitian matrix, from 

(2), (5), (8) and using Lemma 1, we get 
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Case 3: krikww  is a Hermitian matrix and 

sisisi wwww   is not a Hermitian matrix. By a 

similar argument to Case 2 we have 

    i

T

i

iss

sisisi

iss

ssisisi

T

i xxwwwwqxwwwwx  
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1

~:

.  (9)                                                                  

 

Since krikww  is a Hermitian matrix, from (2), (5), (9) and using Lemma 1, we get 
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Case 4: sisisi wwww   and krikww  are not Hermitian matrices. By applying the same methods as Case 2 and Case 3, 

we can show that 
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From (2), we get 
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Now suppose that equality holds in (1). Then all 

inequalities in the above argument must be equalities. 

From equality in (10), we have 

i

T

ik

T

k xxxx  ,                                                    (11)                                                                                                                            

for all ikk ~,  and for all ippkk ~,~, . From 

equality in (10) and using Lemma 1, we get 

iiss xax   and iirr xbx  ,                                (12)                                                                                                          

for any iss ~,  and for any ,~,~, ikrkr  

nri  ,1 , where Rba iris , . From (11) and 

(12), we get 

  01
2

 i

T

iis xxa  and   01
2

 i

T

iir xxb , 

i.e., 

0 as,1,  i

T

iiris xxba .                               (13)                                                                                                           

On the other hand from Corollary 2 
22

 and iki ww  are 

positive definite matrices for a nki  ,1 . Thus, we 

get 

 0
2
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T

i xwx
 
and 0

2
iik
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From (4), (13) and (14), we have 
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Four cases arise; 

i.   ,00  ikrik

T
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, 
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i xwwxxwwwwx , 
. 

Case i: 

  .00  ikrik
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T

i xwwxxwwwwx  and 
 

From (15), we get 1  and 1  iris ba , for all 

nriiss  ,1 allfor  and  ~, . 

 Let  ikxxkU ik ~,:   and W={k : 

ik xx  , k≁i}. Since ØWU  and 

GV,WU  is bipartite. Now we have 

  ii xqxGQ 1 , 

i.e., 
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ikk

kikiii xwxwxq
~:

1
. 

For Uji , , 

   
ikk

iikiii xwqxwqxq
~:

111
,                  (16)                                                                                             

   
jkk

ijkiji xwqxwqxq
~:

111 .                 (17)                                                                                                 

From (16), (17) and 0ix , we get 

   ji wqwq 11  . Therefore  iwq1  is constant 

for all Ui . Similarly we can also show that 

 iwq1  is constant for all Wi . Hence G  is a 

bipartite regular graph. 

Case ii: 

  .00  ikrik

T

iisisisi

T

i xwwxxwwwwx  and 
 

From (15), we get 1  and 1  iris ba , for all 

nriiss  ,1 allfor  and  ~, . Let 

   ikik xxkWxxkU  : and  : . 

Since ØWU  and GV,WU  is 

bipartite. By a similar argument Case i, we can show 

that  iwq1  is constant for all Ui  and  jwq1  

is constant for all Wj . Hence G  is a bipartite 

semiregular graph. 

Case iii: 

  0 and 0  ikrik

T

iisisisi

T

i xwwxxwwwwx , 

Case iv: 

  0 and 0  ikrik

T

iisisisi

T

i xwwxxwwwwx . 

By applying the same methods as Case i and Case ii, we 

can show that G  is a bipartite regular graph or a 

bipartite semiregular graph. 

Coversely, suppose that conditions (i)-(ii) of theorem 

hold for the graph G . 

G  is a bipartite regular graph. Let U  and W  be the 

vertex classes of G . Also, let 

    αwqwq ji  11  
for Ui  and for 

Wj . The following equation can be easily 

verified: 
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Thus 
24α  is an eigenvalue of  GQ 2

. So, 

12 qα  . 

On the other hand, we have 
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Hence the theorem is proved. 

Corollary 3. 

Let G  be a simple connected weighted graph where 

each edge weight ijw  is a positive number. Then 
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.  (18)                                            

Moreover equality holds in (18) if and only if G  is a 

bipartite regular graph or a bipartite semiregular graph. 

Proof. 

For weighted graph where the edge weights ijw  are 

positive number, we have 

    iiijij wwqwwq  11  and , 

for all ji, . Using Theorem 2 we get the required 

result. 

Corollary 4. 

Let G  be a simple connected unweighted graph. Then 
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ijj
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nji

jijiii
Vi

NNddddq
~: ,1

2

1 max , (19)                                                                

where id  is the degree of vertex i  and ji NN   is 

the number of common neighbors of i  and  j . 

Moreover, equality holds in (19) if and only if G  is a 

bipartite regular graph or a bipartite semiregular graph. 

Proof. 

For an unweighted graph, 1ijw  and ii dw   for 

all jiji ~ and , . Using Corollary 3 we get the 

required result. 
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