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ABSTRACT. In this article, the exact solutions of the (1+1)-dimensional dis-
tributed long wave(DLW) equation, a fractional partial differential equation in
conformable sense, which is a nonlinear partial differential equation, are given.
The analytical solutions revealed with the auxiliary equation method are also
seen to satisfy the equation with the aid of the Mathematica program.

1. INTRODUCTION

Partial derivative differential equation models may not correspond exactly to
events occurring in nature when they contain derivatives with integer order. Par-
tial differential equations with fractional derivatives are more likely to correspond
exactly to events in nature than equations with integer derivatives. The reason for
this is that fractional order computation provides an easier expression with nonlin-
ear partial differential equations for the parameters that occur during the physical
event compared to integer computation.

There are several methods on analytical solutions of fractional partial differential
equations for Conformable[10], Riemann-Liouville and Caputo fractional derivative
approaches. Some of these methods are tangent hyperbolic method[11], explicit
equation method[7-8], homotopy analysis method[1], elliptic function method|6],
F-expansion method[3,5,13], auxiliary equation method[4], new extended direct al-
gebraic method[12]. In this article, analytical solutions of the (141)-dimensional
distributed long wave (DLW) equation are examined which is a fractional partial
differential equation. Analytical solutions of the equation were obtained by using
the auxiliary equation method.

Date: Received: 2022-03-17; Accepted: 2022-07-23.

2000 Mathematics Subject Classification. 35R11, 34A08, 35A20, 26A33.

Key words and phrases. : (1 + 1)-Dimensional Distributed Long Wave Equation, Auxiliary
Equation Method, Conformable Differential Equations.

88



ANALYTICAL SOLUTIONS OF (1+41)- DLW EQUATION 89

2. PRELIMINARIES

The auxiliary equation method was introduced by Jiong and Sirendaoreji[9] to
find analytical solutions of partial differential equations. The work to find analytical
solutions of partial differential equations by Jiong and Sirendaoreji[9] can be given
as follows. They used the ordinary differential equation of the form

d
(2.1) d—z = az2(€) + bz4(€) + ¢zb
to find partial differential equations. In another study conducted in 2008,
d
(2.2) (d—z)2 = az® + b2 + c2*

With the help of the ordinary differential equation, analytical solutions have
been obtained for the generalized Whitham-Broer-Kaup, Zakharov, Schrodinger
equations, which are nonlinear partial differential equations [2]. The ordinary differ-
ential equation given by (2.2) contains more analytical solutions than the ordinary
differential equation given by (2.1).

We give the application of the auxiliary equation method to any partial differ-
ential equation below from [2]. The general form of a nonlinear partial differential
equation can be written as

ou Ou 0%u

Using the equation given by (2.3), applying the wave transform
(2.4) E=x+mt

we get a differential equation

(2.5) G(U,Ug,Uee, Ugge,...) =0

where u(x,t) = U()and m is the velocity of the wave. The integer value of n is
found with the help of the derivative of the highest order and the nonlinear term
from the highest order in the obtained equation. Using n in

(2.6) U@) =) a:z'(€)
=0

the analytical solution of equation (2.5) is investigated in this form. Here, the
coefficients a;(i = 0,1,2,...,n) will be determined in the following sections. From
the solutions of the differential equation given by (2.2), z(£) can be obtained. The
equation obtained contains the powers of z(£). By arranging this equation according
to the powers of the term z(§), an equation system is obtained by equalizing the
coefficients of the terms to zero. By solving this system of equations, the coefficients
a,b,c,m,a; are determined. After determining these coefficients, the analytical
solutions of the partial differential equation are obtained with the help of Table 1.
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3. ANALYTICAL SOLUTIONS OF THE FRACTIONAL ORDER (1+1) DIMENSIONAL
DLW EQUATION

In this section, analytical solutions of the fractional order (1+1) dimensional
DLW equation, which is a no linear fractional partial differential equation, are
obtained using the auxiliary equation method. Conformable fractional order (141)
dimensional DLW equation is given in the form

oPu ou v
tugy+5 = 0
(31) Pv 8“:9u avax 1 Qi

ot T oz or T30:¢ — U

Let
u(x, t) = u(ﬁ)a U(.Z‘,t) = ’U(f)

where m is the speed of wave. Applying wave transform

P
E=x+m—
p
to equation (2.7), the equation system
mug +uue +ve = 0
3.2
(3:2) ve + (uv)e + gueee = 0
is obtained. By making the necessary adjustments in equation (2.8), we get
2 _
(3.3) 2mu+u“+2v = 0
3mv+uv+uge = 0
From the first equation in the system (2.9) the value of v is
1
(3.4) v=—mu— §u2
By substituting this value in the second equation in (2.9) we get
(3.5) —6m2u — 9Imu? — 3u® + 2uge = 0

From the relation between the highest order derivative term w¢e and the highest
order nonlinear term > in the ordinary derivative differential equation in (2.11),
n = 1 is obtained. In this case, the analytical solution of equation (2.11) is investi-
gated as

(3.6) u(§) = ao +a12(§)

The equation system

0¢): —6m?ag — 9mad — 3a3

L¢): —6m2a; — 18maga; — 9aia; + 2aa;

2(): —9ma? — 9apa? + 3arb

3(): —3a3 +4a;c

is obtained by the coefficients of the powers of z(£) from the algebraic equation

obtained by substituting the equation given by (2.12) in the differential equation
(2.11). The solution sets of this system are

z
z
z
z

2
(3.7) ao =0, a=3m?% b=3am, c= 3%:1

2
3ai

(3.8) ap = —2m, a=3m? b= —3am, c=
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—3m? 3a3

,b=0, c= 1
By substituting the solution set given in (2.13) and the z(&) values given in Table
1 in the equations (2.12) and (2.10), the analytical solutions of the DLW equation
given by (2.7) are as follows:

(3.9) ag=-m, a =

4m sec h?(w)

ura(x,t) = T I—(1Etanh(w))? ,
—8m sec h™ (w) 4m sec h”(w)
UlaQ(x’t) (4—(1ttanh(w))?)? + 4—(1+tanh(w))?
¢ _ 4m csc h?(w)
uga(z,t) = I—(1Ecoth(w))?
t) _ —8m csc h* (w) 4m csc h?(w)
v3.a(z, =  ({@=(Zcoth@))2)? ~ I—(1Ecoth(w))2
o m sec h?(w)
’LL5’6(£L', t) — 7 1ftanh(w)
n _ mZsech?(w) m? sec h* (w)
’U5)6(l‘, ) - litangl(w) " 2(1%tanh(w))2
u (gj t) _ mecsch®(w)
7,8\ 1+coth(w)
n _ m? csc h? (w) m? csc h (w)
07,8(‘%’ ) — 7 T1Zcoth(w) ~ 2(1%coth(w))?
ug.10(x,t) = —m(l =+ tanh(w))
vo0(z,t) = m?(1+tanh(w)) — $m?(1 £ tanh(w))?
uin12(x,t) = —m(1 £ coth(w))
vip12(z,t) = m*(l+ coth(iw)) — 2m?%(1 + coth(w))?
2 2w
uiza(z,t) = _9a1ni3f£§ti_3alm>2
¢ _ 12a;m3e*2¥ _ 12a;m*e*?¥
U13,14($7 ) = “9a1m2+(eX2% —3a;m)? (—9a1m2+(eT29_3a;m)2)2

where

3 tP
W= ‘gm(xﬂ’;)

Similarly, using the solution given by (2.14), the analytical solutions u(z,t) of the
DLW equation given by (2.7) are obtained as:

4m sec h?(w)

u1s,16(7,1) = —2M+ Az
4m csc h?(w

uirs(z,t) = —2m— W
3 2(w

urg20(z,t) = —2m+ %}Lh((w))

m CsC 2 w
unga(e,t) = —2m— FEcEe
ugz24(x,t) = —2m+m(l £ tanh(w))
ugs26(z,t) = —2m+ m(1 % coth(w))
ugrog(w,t) = —2m+ 12aym7c 2

27,284, —9a1m2+(eF2v —3a;m)?

By using analytical solutions u(z,t) in the equation given by (2.10), analytical
solutions v(z,t) are obtained. From the solution set given by (2.15),

m cosh (% sec(%
u29,30($7t) = —m+ (\;i (2))

the analytical solution is obtained. Similarly, by substituting the obtained ana-
lytical solution in the equation given by (2.10), the analytical solution v(z,t) is
obtained. The analytical solution

m cosh(% sec(%))

V2

ug9 30(2,1) = —m +
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is obtained from the solution set given in (2.15). Using the analytical solution
obtained in (2.10), the analytical solution v(z,t) is obtained
Table 1. [2] analytical solutions of differential equation in (2.2) where ¢ = +1
and A = b — 4ac.
No 2(€)
1 —absec hz(ég)
b2—ac(1—etanh(@f))2 ’
ab csc hQ(@f)
b2—ac(l+e coth(@f))2 ’
2absec h(\/a
Eﬁb“@é’ﬁ%@’ a>0,A>0
2absec(v/—a
W, a < O, A >0
N}ﬁ%, a > 0, A<O0
2abcsc(v/—a
m, a < 0, A >0
—asec h2(4§)
b+2ev/ac tanh(@) ’
8 —asec?( ‘/;75)
b+2e\/—7actanh(@)
M a>0.¢>0
b-+2ey/ac coth(42)’ ’
10 —acsc?( ‘/;7“5)
b+2ev/—ac cot( V_a

11 | =3(1 +etanh(5*)E), a >0, A=0

12 | —¢(1 +ecoth(5*)E),a>0,A=0
daecVE
13 (eeﬁw, CL>O
+A4ge€ ag o
14 Hmacem, a 0,b=0

a>0

a>0

N O Ot e W N

a>0,¢>0

,a<0,c>0

,a<0,¢c>0

S

4. CONCLUSION

In this study, exact solutions for the conformable fractional order nonlinear DLW
equation are obtained by using the auxiliary equation method.

The considered equation is converted into a nonlinear differential equation with
the help of wave transform. Then, the analytical solutions are obtained by writing
the power of the z(§) terms instead of the obtained differential equation. It is
seen with the help of Mathematica program that the obtained analytical solutions
provided the conformable fractional order nonlinear DLW equation.
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